We propose a conjecture on the existence of a specialization map for derived categories of smooth proper varieties modulo semi-orthogonal decompositions, and verify it for K3 surfaces and abelian varieties.
Introduction
In this paper we study the following question: given a family of smooth projective varieties over, say, a punctured disc, and the knowledge of their bounded derived category of coherent sheaves, what can we say about the derived category of the limit fiber?
One motivation is the well-known conjecture of Dubrovin which predicts that a smooth projective variety has semisimple quantum cohomology if and only if its derived category of coherent sheaves has a full exceptional collection (see [Dub98] , and also [Bay04] ). Since quantum cohomology is deformation invariant, it suggests that the property of having a full exceptional collection is also invariant under deformations. In [Hu18] we showed that this is true locally; more precisely, given a smooth proper scheme X over a locally noetherian scheme S, if for one fiber X s 0 , D b (X s 0 ) has a full exceptional collection, then so does the geometric fibers in an open neighborhood. It remains to investigate, with the additional hypothesis that S is connected, whether D b (X s ) has a full exceptional collection for each fiber X s . This reduces to the following : Question 1.1. Let R be a discrete valuation ring, K its fraction field, and k its residue field. Denote S = Spec(R), the generic point of S by η, and the closed point of S by 0. Let X be a smooth projective scheme over S. Suppose D b (X η ) has a full exceptional collection. Then does D b (X 0 ) has a full exceptional collection? Now, given a field k, we consider the abelian group freely generated by the equivalence classes of derived categories of coherent sheaves of smooth projective varieties over k, and then modulo the relation of the form
if there is a semi-orthogonal decomposition T = S 1 , ..., S n .
We call the resulting group the Grothendieck group of strictly geometric triangulated categories over k, and denote it by K 0 (sGT k ). For brevity we denote the class of D b (X) in K 0 (sGT k ) by [X] . If D b (X) has a full exceptional collection of length n, then
So a question weaker than 1.1 is, with the same hypothesis, whether [X 0 ] = n[Spec(k)], where n is the length of the full exceptional collection of D b (X η ). Furthermore, for this weaker question, one can weaken the hypothesis, i.e., instead of assuming D b (X η ) has a full exceptional collection, we now only assume [X η ] = n[Spec(K)]. More generally, we propose the following conjecture.
Conjecture 1.2. There is a natural group homomorphism
If such a map ρ sgt does exist, we call it the specialization map of Grothendieck group of strictly geometric triangulated categories. The validity of conjecture 1.2 would be an evidence to a positive answer to question 1.1. This conjecture is inspired also by [NS17] and [KT17] , where the existence of certain specialization maps are used to show that stable rationaly and rationality are closed properties in a smooth proper family. For example, in [NS17] , it is shown that there is a natural group homomorphism
It is not hard to see that there is a canonical surjective homomorphism (see section 2)
It should be believed that µ is not an isomorphism, but this problem seems still open.
In this paper we propose a definition of the map ρ sgt , and verify the well-definedness for K3 surfaces and abelian varieties.
A more natural object to study than K 0 (sGT K ) is the group generated by the admissible subcategories of derived categories of coherent sheaves of smooth projective varieties, modulo the same kind of relations (1), and one can propose a conjecture parallel to conjecture 1.2. A closedly related notion is the Grothendieck ring of pre-triangulated categories introduced in [BLL04] .
Definitions and the conjecture
Throughout this section, denote by k a field of characteristic zero, R = k[[t]], and denote by K the fraction field of R. For a smooth proper scheme X over K, an snc model of X is a proper scheme X over R with the properties that X is regular, X K is isomorphic to X and the special fiber X 0 = X × R k is an snc divisor of X , which means
as divisors, where D i is an irreducible smooth proper scheme over k, m i are positive integers, and if one writes D I = i∈I D i for I ⊂ {1, ..., n}, then dim D I = dim X + 1 − |I| for all subsets I of {1, ..., n}. Our only use of the assumption of the characteristic 0 is that such fields admit resolution of singularities and the weak factorization theorems hold in this case ([AKMW02] , [W lo03], [AT16] ). In particular, snc models always exists. Let K 0 (GT k ) (resp., K 0 (sGT k )) be the quotient of the free abelian group generated by the equivalence classes of geometric (resp., strictly geometric) triangulated categories modulo the relations of the form
if there is a semi-orthogonal decomposition S 1 , ..., S n of T such that S i is equivalent to T i for 1 ≤ i ≤ n. In particular, the class of the zero category is equal to zero.
Recall the following two theorems of Orlov on the semi-orthogonal decomposition of projective bundles and blow-ups (see [Orl92] , or [Huy06, chapter 8] 
for every integer a. 
Denote by K 0 (Var k ) the Grothendieck group of varieties over k. Recall that K 0 (Var k ) is the group generated by the isomorphism classes of smooth schemes over k modulo the relations
where X is a smooth scheme over k, Y is a closed subscheme of X which is also smooth over k, and 
Proof : By theorem 2.4, it suffices to show
and
and by (2.2),
so (5) follows. Since K 0 (Var k ) and K 0 (sGT k ) both are generated by the isomorphism classes of smooth proper schemes over k, µ k is surjective.
Remark 2.6. We have ignored the ring structure of K 0 (Var k ). To obtain a ring structure on something like K 0 (sGT k ) or K 0 (GT k ), one need take into account the DG structrues (see [BLL04] ), and there is then a map like (4). Now let k and K be the fields as defined at the beginning of this section. The following theorem is [NS17, prop. 3.2.1].
Theorem 2.7. There is a unique group homomorphism
such that for a smooth proper scheme X over K, an snc model X of X over R with
where
The homomorphism ρ var is called the specialization map of the Grothendieck group of varieties.
Conjecture 2.8. There are natural maps
In view of theorem 2.7 and corollary 2.5, the conjecture for K 0 (sGT) means that there is a homomorphism ρ sgt making the following diagram commutative
and since µ K is surjective, such ρ sgt is unique if it exists. For a field L, denote by M L the abelian group freely generated by the isomorphism classes of smooth proper schemes over L. Set
or equivalently, by theorem 2.2,
By (7) a simple computation shows that
Therefore ρ is a natural candidate for ρ sgt . In other words, conjecture 2.8 for ρ sgt reduces to the following.
Conjecture 2.9. The homomorphism ρ :
To prove the conjecture, one need to show:
) is independent of the choice of the snc model X ;
(ii) ρ([X]) is independent of the choice of the representative X.
In fact, (i) is needed for the well-definedness of ρ. We state it as follows. [AT16] . The quickest way is to apply theorem 2.7 and corollary 2.5.
I have no idea how to do step (ii) at present. In this paper I only provide some evidence for it. More precisely, for some examples of derived equivalent smooth proper K-schemes X and X ′ , I am going to verify
The first kind of examples are birational derived equivalent X and X ′ .
Lemma 2.11. Let X be a smooth proper scheme over K.
(i) Let Y be a smooth closed subscheme of X. Denote by E the exceptional divisor on the blowup Bl
(
ii) Let E be a vector bundle over X of rank r. Then ρ(P(E)) = rρ([X]).
Proof : Use corollary 2.5 and theorem 2.7.
Example 2.12 (Standard flips). Let X be a smooth projective scheme over K and Y a smooth closed subscheme of X of codimension l + 1, such that Y ∼ = P m and the normal bundle N Y /X ∼ = O(−1) l+1 . Then one can perform the standard flip and obtain a smooth projective scheme X ′ . By [BO95, theorem 3.6], X and X ′ are derived equivalent. By lemma 2.11 one deduces that
Similarly, one can also try to check (10) for Mukai flops ( [Kaw02] , [Nam03] ), and two non-isomorphic crepant resolutions of a Calabi-Yau 3-fold. In the following sections I will verify (10) for K3 surfaces and abelian varieties, under some additional assumptions.
Specialization map Ksurfaces
In this section we verify (10) for derived equivalent K3 surfaces which have semistable degenerations over R. Throughout this section we consider only algebraic K3 surfaces.
Mukai pairings and period mappings
In this subsection we recall the Mukai pairing on K3 surfaces and its relation to derived equivalences (see e.g., [BBR09, chapter 4] and [Huy06, chapter 10]), and then introduce a corresponding notion of period mapping.
Let X be a K3 surface over C. The Mukai pairing on H * (X, Z) is defined by
where α i , β i ∈ H 2i (X, Z). The corresponding lattice is
The resulting weight two Hodge structure {H even (X, Z), H p,q (X)} is denoted by H(X, Z).
The following characterization of derived equivalent K3 surfaces is due to [Muk87] , [Orl97] . See also [Huy06, corollary 10.7, proposition 10.10].
Theorem 3.1. Two algebraic K3 surfaces X and Y over C are derived equivalent if and only if there is a Hodge isometry between H(X, Z) and H(Y, Z) with respect to the Mukai pairing. If
is a Hodge isometry, where p : X × Y → X, q : X × Y → Y are the two projections.
As an analogue of the usual period domains, we introduce a notion to study the variation of H(X, Z).
Definition 3.2. Let M be the Mukai lattice E 8 (−1) ⊕2 ⊕ U ⊕4 , Q(·, ·) the corresponding symmetric bilinear pairing on H C . The Mukai period domain D M is defined to be the classifying space of the following data:
Notice that the condition (iii) together with condition (ii) implies that F 1 ∩ F 2 = 0, thus induces a weight two integral Hodge structure on M. (ii) For a family of K3 surface X → S, where S is a simply connected complex manifold, and an isomorphism H * (X 0 , Z) ∼ = M as lattices for some point 0 of S, there is a canonical holomorphic map φ :
for any point s of S.
Proof: Both statements follow from the usual argument for the period map of unpolarized K3 surfaces, see [Huy16, chapter 6] 
More generally, for a family of K3 surface X → S, where S is a complex manifold which is not necessarily simply connected, and an isomorphism H * (X 0 , Z) ∼ = M as lattices for some 0 ∈ S, there is a canonical holomorphic map φ : S → Γ\D M , where Γ = Aut Z (M, Q), the group of automorphisms of the lattice (M, Q), or even the image of π 1 (S) in Aut Z (M, Q). However, the quotient Γ\D M is not Hausdorff, as remarked in [Huy16, p. 104].
Degeneration of K3 surfaces
We first recall the theorem on the degeneration of K3 surfaces due to Kulikov [Kul77] (see also [PP81] , [Fri84] ). Moreover, the three types of degenerations are characterized by the monodromy action T on H 2 (X t , Z), 0 = t ∈ ∆:
In the following we say that a semistable degeneration of K3 surfaces with K X trivial, is of type (I), (II) or (III), if it is of the corresponding type described above.
Proposition 3.5. Let π : X → ∆ be a type (II) semistable degeneration of K3 surfaces. Denote by LH i (X 0 ) the limit Hodge structure on H i (X t ). Denote by E the elliptic curve which is isomorphic to the base elliptic curves of the ruled elliptic surfaces appearing in X 0 . Then
Proof: Notice that in general the pure graded pieces in a mixed Hodge structure are rational Hodge structures. However in our case there are natural integral Hodge structures on W 1 H 2 (X 0 ) and W 1 LH 2 (X 0 ) inducing the rational ones as we will see. So it suffices to show the isomorphisms as rational Hodge structures.
provides an extension of pure Hodge structures
By induction on r, W 1 H 2 (X 0 ) is a successive extension of H 1 (D 1 ), ..., H 1 (D r ). But we can choose different orders of the cuts of X 0 , which give the splittings. Hence there is a canonical isomorphism
is exact over Z, and is an exact sequence of mixed Hodge structures. Since
as Hodge structures.
The specialization map
Proposition 3.6. Let R be an integral domain, K the fraction field of R. Let X and Y be smooth projective schemes over R, and
is an exact functor which is an equivalence of triangulated categories. Then there exists 0 = r ∈ R and P ∈ D b (X × R Y) such that for every point s ∈ Spec(R[ 
Then Q = Q K , and for every point s ∈ Spec(R), the Fourier-Mukai transform Φ Qs :
Moreover, by hypothesis, Φ Q K = Φ Q is an inverse of Φ P K = Φ P . Thus the adjoint map
is an isomorphism. By the semi-continuity theorem (for perfect complexes, [EGAIII, 7.7 .5]), shrinking Spec(R) if necessary, for every point s ∈ Spec(R), the adjoint map
is an isomorphism. By induction on the generating time of the objects of D b (X s ) with respect ot E s , this implies that the adjoint morphism of functors
is an isomorphism. Thus Φ Ps is fully faithful. Finally starting from a very ample line bundle on Y , and shrinking Spec(R) if necessary, we find that Φ Qs is also fully faithful, and we are done. (ii) the base changes of X and Y to Spec(R) are isomorphic to X R and Y R , respectively.
Theorem 3.7. Let R be the local ring C[T ] (T ) , and K = C(T ). Let X and Y be smooth projective surfaces over K with trivial canonical bundles. Suppose that X and Y are derived equivalent, and both have semistable degenerations over R. Then ρ([X])
By proposition 3.6, there is an open subset V of U containing 0, and
such that the Fourier-Mukai transform
is an equivalence, for all t ∈ V −{0}. Without loss of generality we assume V = U . Consider the analytic topology of U . Taking an open disk ∆ of U containing 0, and consider X and Y restricting over ∆, we can apply the result of the previous subsections to study the fiber X 0 and Y 0 . By theorem 2.10, birational modifications preserving X − X 0 does not change ρ([X]). So by the first statement of theorem 3.4, we can assume K X ∆ and K Y ∆ trivial, such that X 0 and Y 0 are described by theorem loc. cit. For a point t ∈ ∆ − 0, let Φ H Pt : H * (X t ) → H * (Y t ) the map on cohomology induced by Φ Pt . By theorem 3.1, Φ H Pt :
Since ch(P t ) td(X t × Y t ) is a restriction of an algebraic cohomology class on X ∆ * × ∆ * Y ∆ * , we have a commutative diagram
So the smallest integer i such that N i X = 0 is equal to that for N Y . We consider the three cases separately. (ii)
Then with the notation of theorem 3.4, we have
Since e(X) = 0, we have e(V 0 ) + e(V r ) − 2e(E) = 0, thus e(V 0 ) + e(V r ) = 0. Since V 0 and V r are rational surfaces, we have
It suffices to show E X ∼ = E Y . The diagram (11) induces an isomorphism of Hodge structures
. By definition of the weight filtration on LH 2 (X t ) and
, as pure Hodge structures. So by proposition 3.5, 
Specialization map for abelian varieties
In this section we verify (10) for derived equivalent abelian varieties. In the final result (corollary 4.14) we need to assume that k is an algebraically closed field, because theorem 4.3 need this assumption. However we still state the intermediate statements in a more general setting.
Derived equivalences of abelian abelian varieties
In this subsection we collect some theorems on derived equivalent abelian varieties due to Mukai, Polishchuk and Orlov. Our references are [Muk87b] , [Pol96] , [Orl02] , and also [Huy06, Chapter 9].
Theorem 4.1 ( [Muk87b] ). Let S be a scheme, p : A → S an abelian scheme, and q : A t → S its dual abelian scheme:
Denote by P the Poincaré invertible sheaf on A × S A t . Then the Fourier-Mukai functor
is an equivalence.
Let A, B be abelian schemes over S. Suppose f : A× S A t → B × S B t is a homomorphism of abelian varieties. Write f as a matrix
where α : A → B, β : A t → B, γ : A → B t , and δ : 
Degeneration and Mumford-Künnemann construction
From now on, we fix a complete discrete valuation ring R, and let m be the maximal ideal of R, K be the fraction field of R, k the residue field of R, and denote S = Spec(R). Denote by η and 0 the generic and the closed point of S, respectively. In this subsection, we recall some notions in the theory of degeneration of abelian varieties. Our references are [FC90, chapter 2, 3], [Lan13, chapter 3, 4]. Then we state a theorem of Künnemann [Künn98] on the construction of an snc model of an abelian variety over K which admits a split ample degeneration, or called the Mumford-Künnemann construction (see also [Mum72] ).
Definition 4.5. Let A be a abelian variety over K. A semistable degeneration of A over S is a semiabelian scheme G over S with an isomorphism G η ∼ = A. By definition, there is an extension
where A 0 is an abelian variety over k, and T 0 is a torus over k. If T 0 is a split torus, G is called a split degeneration of A.
Definition 4.6. An ample degeneration of A is a pair (G, L ) where G is a semiabelian degeneration of A over S and L is a cubical invertible sheaf on G such that L η is ample.
In fact the condition implies that L is relatively ample. Denote S i = Spec(R/m i ). For a semiabelian scheme G over S, denote G for = lim G× S S i , and L for the corresponding formal completion of L. For an ample degeneration (G, L), there is the associated Raynaud extension
such that G is an algebraization of the formal scheme G for , T is a torus over S, and A is an abelian scheme over S, and there is a cubical ample invertible sheaf L which is the algebraization of L for . By the rigidity of tori [DG70, X. theorem 3.2], T 0 is split implies that T is split. Moreover, the character group of T is a constant abelian sheaf over S, and we denote the associated constant group by X. There is a notion of dual semiabelian scheme G t over S, and the corresponding torus T t is also split. We denote the constant character group of T t by Y . (ii) (P 0 ) red has a natural stratification with strata G σα for α ∈ I + Y , where G σα is a semiabelian scheme fitting into an exact sequence
where A 0 is the abelian part of the Raynaud extension, and T σα is a split torus; (iii) the closure P σα of the stratum G σα is the disjoint union of all G σ β such that α is a face of β, and
is a contraction product, where T σα → Z σα an open torus imbedding into a smooth projective toric variety.
Degeneration and derived equivalence
Proposition 4.10. Let A be an abelian varieties over K, which has a split degeneration over R. Then A has a split ample degeneration over R.
Proof : By the assumption there is a semi-abelian scheme G over R such that G K ∼ = A and G 0 fits into an extension 
Proof : By the assumption, G is an fppf T -torsor over A. Since T is split, G is a product of fppf G m -torsors over A, thus it is also a product of Zariski G m -torsors, by Hilbert theorem 90. So there is a locally closed stratification {U α } of A such that (G × T Z)| Uα is isomorphic to Z × U α , hence the conclusion. (ii) Suppose A has a split ample degeneration over R. By [FC90, §2.2], A t has a split ample degeneration over R. Let A (resp., A ′ ) be the Néron model of A (resp., of A t ) over R. By the functoriality of Néron models, A × R A ′ is the Néron model of A × K A t . By theorem 4.4, A × K A t is isomorphic to B × K B t . Let B (resp., B ′ ) be the Néron model of B (resp., of B t ) over R. Thus A × R A ′ ∼ = B × R B ′ , so their special fibers have isomorphic identity components, i.e. 
• are connected and thus are isomorphic to (A × R A ′ ) • k . Let T (resp. T ′ ) be the torus part of B k (resp. B ′ k ). Then T × k T ′ is a split torus. Consider the character group X(T ) (resp. X(T ′ )) of T (resp. T ′ ), which areétale sheaves of torsion free abelian groups of finite type. The product X(T ) × X(T ′ ) is the character group of T × k T ′ , and is therefore a constant sheaf by the splitness of T × k T ′ . Considering the action of Gal(k s /k) on X(T )(k s ) and X(T ′ )(k s ), one sees that both X(T ) and X(T ′ ) are constant sheaves over ké t , and therefore T and T ′ are split tori over k.
(iii) By theorem 4.4 there is an isomorphism f :
By the functoriality of Néron models the isomorphism f extends to an isomorphism F :
Considering the special fibers and using the proof of (ii), one obtains a symplectic isomorphism between the abelian parts of
Proposition 4.13. Let A and B be two abelian varieties over K, which are derived equivalent, and suppose that A has a split degeneration over R. Then A and B have snc models P and Q over R, respectively, such that either P 0 and Q 0 are symplectically isomorphic abelian varieties over k, or
Proof : By theorem 4.12 (ii) and proposition 4.10, both A and B has split ample degeneration over R. By theorem 4.12 (iii), if A has good reduction over R, then so does B, and A 0 and B 0 are symplectic isomorphic. If A does not have a good reduction over R, then by theorem 4.9 and lemma 4.11,
in K 0 (Var k ), where
Since each face of σ α appears in the above sum, a simple manipulation shows that Proof : By theorem 4.12 (i), both A and B semistable reductions over R, which are automatically split degenerations because k is algebraically closed. Applying proposition 4.13 and theorem 4.3 we obtain the conclusion.
5 Open problems 1. Although our (conjectural) definition of ρ sgt does not assume the existence of semistable degeneration over R, in the above verifications we need to assume this to apply the results for the degeneration of these varieties. It is natural to make the following conjecture. Theorem 4.12 provides an example for it.
Conjecture 5.1. Let R be a DVR, K its fraction field. Let X and Y be derived equivalent smooth projective varieties over K. Then X has semistable degeneration (resp., good reduction) over R if and only if Y has semistable degeneration (resp., good reduction) over R.
This suggests to take into consideration the Galois action on the derived categories, and ask whether there is a Néron-Ogg-Shafarevich-Grothendieck type criterion for the types of degenerations. 
